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' Abstract. Let B be a fiber bundle with compact fiber F over a compact Riemannian n-manifold M". There is a 

^SJ . natural Riemannian metric on the total space B consistent with the metric on M. With respect to that metric, the 

volume of a rectifiable section a : M ^ B is the mass of the image a{M) as a rectifiable n-current in B. 

THEOREM 1. For any homology class of sections of B, there is a mass-minimizing rectifiable current T representing 
' that homology class which is the graph of a section on an open dense subset of M . 
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Introduction 

■ The notion of the volume of a section of a fiber bundle over a manifold M was introduced by H. 
. Gluck and W. Ziller, in the special case of the unit tangent bundle vr : Ti(M) — > M, where sections 

^ I are unit vector fields, or flows on M. The volume of a section a is defined as the mass (Hausdorff n- 

^ ■ dimensional measure) of the image a{M). They were able to establish, by constructing a calibration, 

O . that the tangents to the fibers of the standard Hopf fibration — > S*^ minimized volume among 

^ ' all sections of the unit tangent bundle of the round S^. 

o ■ 

However, in general calibrations are not available, even for the unit tangent bundles of higher- 
dimensional spheres. For a general bundle n : B ^ M over a Riemannian n-manifold M, with 
. compact fiber F, there is a special class of rectifiable currents, called rectifiable sections, which 

H \ includes all smooth sections and which has the proper compactness properties to guarantee the 

^ ■ existence of volume-minimizing rectifiable sections in any homology class. Partial regularity of 

^ , volume-minimizing rectifiable sections in general is the subject of this paper. 

■ The basic partial-regularity result established here is that a volume-minimizing rectifiable section 
exists in any homology class of sections which is a section over an open, dense subset of M . 
This does not state that a dense subset of the section itself consists of regular points. In fact, there 
are simple counter-examples of that statement. Denseness of the set of points in M over which the 
section is regular is straightforward, but openness in M requires some work. 

Our approach to this problem begins with a penalty functional, composed of the n-dimensional area 
integrand plus a parameter (1/e) multiplied by a term measuring the deviation from a graph of 
a current in the total space. Each penalty functional will have energy-minimizing currents which 
are rectifiable currents in the total space, but which are not necessarily rectifiable sections. As the 
penalty parameter e approaches 0, the "bad" set of points in the base over which the current is not 
a section will have small measure, and outside a slightly larger set the current will be a graph. 
These penalty minimizers will converge to a rectifiable section which will be a minimizer of the 
volume problem. 

Once fundamental monotonicity properties are established for this limiting minimizer, the program 
to establish partial regularity of energy-minimizing currents due to Bombieri in [2] can be applied, 
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with significant modifications for the current situation, to show that the hmiting minimizer is 
sufficiently smooth on an open dense set. 

The main theorem of this paper is the following: 

THEOREM 0.1. Let B be a fiber bundle with compact fiber F over a compact Riemannian manifold 
M , endowed with the Sasaki metric from a connection on B. For any homology class of sections 
of B, there is a mass-minimizing rectifiable section T representing that homology class which is the 
graph of a section on an open dense subset of M. 



1. Definitions 

Let -B be a Riemannian fiber bundle with compact fiber F over a Riemannian n-manifold M, 
with projection vr : i? — > M a Riemannian submersion. F is a j-dimensional compact Riemannian 
manifold. Following [10], B embeds isometrically in a vector bundle vr : £' — > M of some rank 
k > j, which has a smooth inner product < , > on the fibers, compatible with the Riemannian 
metric on F. The inner product defines a collection of connections, called metric connections, which 
are compatible with the metric. Let a metric connection V be chosen. The connection V defines 
a Riemannian metric on the total space E so that the projection vr : £^ — > M is a Riemannian 
submersion and so that the fibers are totally geodesic and isometric with the inner product space 
^,^R^ [14], [6]. 

We will be using multiindices a = (ai, . . . , On-i), cti S {1, . . . , n} with «!<•••< a„_;, over the 
local base variables, and (3 = {(3i, . . . , f3j G {1, . . . ,k} with /3i < • • • < over the local fiber 
variables (we will at times need to consider the vector bundle fiber, as well as the compact fiber F; 
which is considered will be clear by context). The range of pairs (a,/3) is over all pairs satisfying 
\f3\ + |a| = n, where \{ai, . . . , am)\ ■= rn. As a notational convenience, denote by n the n-tuple 
n := (1, . . . , n), and denote the null 0-tuple by 0. 

In addition, we indicate hy A <^ B that A is bounded above by a constant times B, where that 
constant is independent of the variables included in A and B. 

Definition 1.1. An n-dimensional current T on a Riemannian fiber bundle B over a Riemannian 
n-manifold M locally, over a coordinate neighborhood on M, decomposes into a collection, 
called components, or component currents of T, with respect to the bundle structure. Given local 
coordinates {x,y) on 7r~^(0) = O x M'^ and a smooth n-form uj £ E"'{Q x R''"), uj := LVapdx"' A dy'^, 
define auxiliary currents E^f^ by Eap{ijj) := J iJai3d\\T\\, where ||T|| is the measure 9TC"'\—Supp{T), 
with H"" Hausdorff n-dimensional measure in QxR'' and 9 the multiplicity of T [11, pp 45-46]. The 
component currents of T are defined in terms of component functions ta/3 : O x ^ M and the 
auxiliary currents, by: 

The component functions ta/s : 7r~^(r2) — > M determine completely the current T, and the pairing 
between T and an n- forma; G E"(S)Lf^ X M*^ is given by: 

T{u) := j ^tal3U:al3d\\T\\. 
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Definition 1.2. A bounded current T in -B is a quasi- section if, for each coordinate neighborhood 
17 C M, 

1- tnO > for ||T||-almost all points p G Supp{T), that is < T^{q),e{q) >> 0, ||T||-almost 



everywhere; where e{q) := ^p- A • • • A j ^p- A • • • A is the (unique) horizontal n-plane 
at q whose orientation is preserved under vr^,, and is the unit orienting n- vector field of T. 

2. vr#(T) = 1[M] as an n- dimensional current on M. 

3. dT = (equivalently, for any C M, dT^'K~^{Vl) has support contained in d-K^^iyi)). 

There is an M > so that the fiber bundle B is contained in the^disk bundle Em C E defined by 
Em {v ^ E\\\v\\ <M},by compactness of B. Define the space T{E) to be the set of all countably 
rectifiable, integer multiplicity, n-dimensional currents which are quasi-sections in -E, with support 
contained in Em, called (hounded) rectifiable sections of E. The space T{E) of (strongly) rectifiable 
sections of E is the smallest sequentially, weakly-closed space containing the graphs of sections 
of E which are supported within Em- 

A quasi-section which also is rectifiable is an element of r(£'). It would seem to be a strictly 
stronger condition to be in r(£'), however, it is shown in [3] that, over a bounded domain 
r(r2 X M'^) = T(yi x M'^). The norm defined in [3] is finite in this case since all currents have support 
contained in E^j. This extends to the statement that r(£^) = r(£^) for a vector bundle over a 
compact manifold M, since any such can be decomposed into finitely many bounded domains where 
the bundle structure is trivial, by a partition of unity argument. 

The space T{B) of rectifiable sections of B is the subset of T{E) of currents with support in B, 
which is a weakly closed condition with respect to weak convergence. This follows since, for any 
point z outside of there is a smooth form supported in a neighborhood of z disjoint from B. 
The space T{B) of strongly rectifiable sections is the smallest sequentially, weakly-closed space 
containing the graphs of sections of B^ Since the fibers of B are compact, as is the base manifold 
M, minimal-mass elements will exist in T{B) or T{B)^ and mass-minimizing sequences within any 
homology class will have convergent subsequences in T{B) or T{B). This follows from lower semi- 
continuity with respect to convergence of currents, convexity of the mass functional, and the closure 
and compactness theorems for rectifiable currents. For compact manifolds, as above, r(£^) = r(£'), 
but it is not the case that T{B) = T{B) in general. 

PROPOSITION 1.3. Let {Tj} C T{B) (resp, T{B)) be a sequence with equibounded mass. Then, 
there is a subsequence which converges weakly to a current T in T{B) (resp, T{B)) . 

Proof. The Federer-Fleming compactness and closure theorems (see also [9, Theorem 7.61, pp. 204-5] 
shows that a weak subsequence limit will exist and will be a countably-rectifiable, integer-multiplicity 
current, with no interior boundaries. Since the map -k : B ^ M \s proper, vr^ will then commute 
with weak limits, and so 7t#{T) = l[M]. Similarly, the conditions < l^{q),e{q) >> ||T||-almost 
everywhere and Supp{T) C B are directly seen to be preserved under weak limits, so the limit will 
be in f{B). □ 

Definition 1.^. Given a current T, the induced measures ||r|| and ||Tq,^|| are defined locally by: 

I|T'q/3||(^) := sup(rQ^(u;)) , and 

\\T\\{A) ■= sup [Y^T^piuj] 
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where the supremum in either case is taken over all n-forms on B, u £ Eq{B), with comass{ui) < 1 
[5, 4.1.7]and Supp{io) C A. 



2. Coordinatizability 

Let T £ T{B) have finite mass. Then, for each x S M, we say that T is coordinatizable over x 
if there is an r > so that T\_Tr~^{B{x,r)) (note that 7r~^{B{x,r)) = B{x,r) x F) has support 
contained within B{x, r) x [/, where U C -F is a contractible coordinate neighborhood oi F^U = W . 

PROPOSITION 2.1. The set of all points x £ M where T is coordinatizable over x is an open, 
dense subset of M . 

Proof. Openness follows from the definition, which involves open neighborhoods in M . Note that 
the closed nested sets Supp{T)rnT~^{B{x, r)), as r ^ 0, have a nonempty intersection of Supp{T) n 
'n~^{x). So, given any neighborhood U of Supp{T)r\'7T~^ (x) in F, for some r > 0tt2 {Supp{T) n t:^'^{B{x^ r)) C 
U, where 1^2 is the projection of 7r~^(i?(x, ro)) = B{x,rQ) xF onto F. Certainly if Supp{T)rnT~^{x) 
is finite, then, since any finite set in F is contained in a contractible coordinate neighborhood in 
F, T will be coordinatizable at x. So, any point x over which T is not coordinatizable must have a 
preimage under vr which is infinite, thus having infinite 0-dimensional Hausdorff measure. But, for 

N := {x £ M\ T is not coordinatizable over x} , 

then, if N has positive Lebesgue measure on Af, and if T is the volume (or mass) integrand, 

jr(T) := / d||r|| 
Jb 

> [ d\\T\\ 

> f #{7T-\x))dx 

Jn 
= 00, 

by the general area-coarea formula [11]. □ 

Remark 2.2. The Riemannian metric on f7 x F has the structure of a Riemannian submersion 
vr : [/ X y — > [/, that is, the projection vr is an isometry on the orthogonal complement to the 
fibers, and the projection onto the fiber, 7r2 : C/ x F — > y is an isometry restricted to each fiber. 
The fiber metric is not necessarily Euclidean, and the orthogonal complements to the fibers will not 
necessarily form an integrable distribution, but that will not affect the arguments which follow. 



3. Penalty Method 

Let T M) be the standard volume (area) functional, applied to rectifiable sections. For an 
integer-multiplicity, countably-rectifiable current T = t{M,6,T^), where M = Supp{T) and is 
the unit orienting n-vector field, as in [11, p. 46]. Set, for each e > 0, the modified functional 

T,{T) := I fe(f)d\\T\\, 
JT 
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where d\\T\\ = 97i'^\—Supp{T) and 

MO := m+h.{o ■■= m + li\Uo\-^n,o), 

for C £ kn{T*{B,z)) ^ A„(M"+^) (||^|| is the usual norm of ^ in JVn{T*{B,z)) and infl ■=< >, 
where e is the unique unit horizontal n-plane so that 7r*(e) = *dVM)- 

Note also that, since the original integrand is positive, so is f^, at any point ^. Moreover, satisfies 
the homogeneity condition 

fem = tm 

for t > 0. 

Set 

HoiT) ■■= J^ho {^)d\\T\\, 
where /io(0 := (|Cn,o| - ■Cn,o), and set 

n,{T) := -HoiT). 

€ 

On the parts of T which project to a negatively-oriented current (locally) on the base, the functional 
Ti-oO has value equal to twice the Lebesgue measure of the projected image, considered as measurable 
subsets of the base. 

Clearly /e satisfies the bounds 

iieii</.(e)< + iieii- 

In addition, the functional satisfies the A-ellipticity condition with A = 1 

[M{X) - M{mD)] < T,{X) - T,{mD) (1) 

where mD is a flat disk with multiplicity m and X is a rectifiable current with the same boundary as 
mD. This inequality is clear if TT^{mD) is positively-oriented, since in that case M.{mD) = !F^{mD), 
and (in all cases) Ai{X) < !F^{X). If ■K^{mD) is negatively-oriented, though, then -ir^{X) = 
7T^{mD) since they have the same boundary and are integer- multiplicity countably-rectifiable n- 
currents on M"', by the constancy theorem. However, in this case Ti^^X) > TL^imD)^ and the result 
follows. 

3.1. Minimization problem 

We now consider the mass-minimization problem for rectifiable sections T S r(i?) within a given 
integral homology class [T] G i/„(i?,Z) which includes graphs, that is, for which there is a smooth 
section Sq G T{B) with [Sq] = [T]. Set A := \\So\\. Set 

R[T] := {S £ [T]| S is a countably rectifiable, integer-multiplicity ?i-current in B} . 

For any e > 0, since the tangent planes at each point of 5*0 projects to an n-plane of posi- 
tive orientation, /le(S'o) = 7 (|'^n,o| — ^n,o) = 0, and so Te{So) = \\So\\ := A, which shows that 
{S e'R[T]\J^,{S) < ^} /0.'Thus, if Bo:= {S G R[T]|||5|| < 2A}, 

LevAJ^e ■■= {S G R[r] \T,{S) < A} d Bq, 



i7/n7/onnQ. on. in. « c 
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since for any current J^eiS) > ||5||. Also, by the Federer-Fleming closure theorem, Bq is compact 
with respect to the usual convergence of currents. Since the functional J-^ is elliptic (eq (1)), it will 
be lower semi-continuous with respect to weak convergence of rectifiable currents [5, 5.1.5]. Thus 
each LevA^e is compact in this topology, and so by [16], for each such e, an ^^-energy-minimizing 
rectifiable current E [T] exists, and Te{T^) < \\So\\ = A. 



Set 



Argmin{J-e) 
min{J-) 
Argmin{T) 



Similarly to [13], we have 



min{T,{T) \T G R[T] } 
{T G R[r] \T,{T) = min{T,)}, 
min{T{T)\T (^[T]r\T{B)} , and 
{T G [T] n T{B) \T{T) = min{T) } 



PROPOSITION 3.1. [Convergence of the penalty problems] 



lim min (Tf 

ej.0 



rain (JF) 



Xmi'sw^ Ar gmin{T ^ C Argmin{T\ 
40 



Remark 3.2. That is, the minimal values of the penalty functional on that homology class con- 
verge to the minimum of the mass of all homologous rectifiable sections, and the limsup of the 
set of minimizing currents [13] of the penalty problems is contained in the set of mass-minimizing 
rectifiable sections. This does not imply that each mass-minimizing rectifiable section is the limit 
of a sequence of minimizers of the penalty problems, but that one such mass-minimizing rectifiable 
section is such a limit. 



Proof. Since the set of countably-rectifiable integer-multiplicity currents in [T] (the domain of J^^) 
contains the rectifiable sections, and J^e{S) = ^{S) = H^H for any rectifiable section S, we have 
immediately that min{J^^) < min{T). Moreover, min{!F^^) < min{J^^^) if ei > £2, since for T^. 
minimizers of J-^^ , 

so lim^jo "im(^e) exists. 

Take some G R[T'] which minimizes within R[T]. Then 

< :f,{t,) 

= min{Tf:) 

< min{T). 

This shows that G Bq above, which, in the topology of weak convergence of countably-rectifiable, 
integer-multiplicity currents, is compact. So, by the Federer-Fleming compactness and closure 
theorems [5, 4.2.16, 4.2.17], some subsequence of {Tg} converges as e | to some S G Bq. 

Since the penalty component satisfies 



7^o(7;) = eW,(r,) = e(mm(j;) - ||r,||) , 
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and the penalty functional J-f. is lower semi-continuous with respect to weak convergence of currents, 
we have 

Wo(5) < liminf(Wo(7;)) 

= lim inf e (mm(^e) — ||Tf||) 

< liminf e (mm(^)) 

40 

= 0. 

So. immediately we have that S E r(i?), so that T{S^ > min{T). Applying the same limit to the 
previous equation, 

J^{S) = \\S\\ 

< liminfllrJI 

= liminf(^,(r,)-/7,(r,)) 

< \\m.m^TJT^ 
= liminf minf^g) 

< min{!F), 

which implies that all inequalities must be equalities, and 5 is a mass-minimizing rectifiable section 
in [T] n T{B). In addition, we get that 

lim mm(^f) = miniT) 

and, any limit current of a subsequence of minimizers {T^Kfor a sequence of e's going to 0) will be 
a minimizer Tq of J- on [T] H T[B). □ 

The set of points where is not a section, 

B, := ({p G Supp{T,)\ h,(fp) > O}) , 
satisfies, where e is the horizontal n-plane, 

ho{T,)d\\T,\\ 

nxF 



[ (<T;,e> -<ji,e>)d\\T, 
JnxF 



-2 / < T,,e >(i||r, 
Jb,_xf 



2 



B,xF 



<T„e> 



dim 



2T, 



= 27r#{T,){dVn\Bj 

> 2||5J, (2) 



where dVh is the volume element of the base, since 7r#(Te)|^ is a (positive integer) multiple of the 
fundamental class of the base, restricted to B^. Prom the previous result, 

limn,{T,) = 0, 

thus ll-Bell approaches more rapidly than e itself. Similarly to [16], we have the following: 
LEMMA 3.3. < \\n(e)\ ^'^sre A depends only on dimension and the homology class [T] E 

Proof. If Ve ■= Te{T^), for < ei < 1, then since is a monotone-decreasing function of e, it is 
differentiable almost-every where, and 



> 



lim 

h^O h 



lim 



lim 



h 



1 1 



Ho(r,) 



-i^'Ho{T^). 



In addition, for any fixed rectifiable section 5 in the homology class [T], for all e > z^^ < J-'{S), so 
that I'e is bounded. 

Now, as in [16, p. 70, Theorem 7.3], 

C > — vi 

rl 

> / \vi\de 



> 



/■I 1 

/ ess inf,-^<e<i (e -de 
J ti e 

= ess miei<e<ie \v'^ \ ■ (- In(ei)) 

> ess infei<e<i^Wo(re) • |ln(ei)| 

> ess inf,,<e<i^ • |ln(ei)| ., 

applying (2). Since v^^ — vi'is bounded (and nonnegative) , there is a constant C so that 

e 



15.11 < 



log(e) 



where C depends only on the homology class [T] of sections being considered. 



□ 



4. Existence of tangent cones 

Let T be a mass-minimizing rectifiable section, and presume that T is the limit of a sequence T^- 
of minimizers of the penalty energy J^^.. (At least one minimizer of the mass functional among 
rectifiable sections is of this form), by Proposition (3.1). 
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PROPOSITION 4.1. For any point p G Supp{T), the mass-density @{p,T) is at least 1. Moreover, 
there is a (possibly non-unique) tangent cone at p of T . 

Remark The proof will depend on a monotonicity of mass ratio result. Once that is estab- 
lished, the result will follow similarly to the case for area-minimizing rectifiable currents. 



LEMMA 4.3. [Monotonicity of mass ratio]. For any p £ Supp{T), the ratio 

f{tLb{p,; 



is a monotone increasing function of r. 

Proof, (of the Lemma). Consider, for a sequence e = converging to 0, the penalty energy function 



/,(r) :=^,(rJ_S(p„r)J, 

where p^ G Supp{T^). We show that the penalty function satisfies the monotonicity differential 
inequality {fe{r)/r^)' > 0, as in [11]. 

Choose a radius r for which the boundary d (T^\_B{p^,r)j is rectifiable (true for almost-all r 

by slicing). For such an r, note that d(T^\—B{p^,r)) is the boundary of the restriction of to 
the ball. Let C[d{Tf^\—B{p^,r))] be the cone over d{Tf^\—B{p^,r)) with cone point p^, oriented so 
that C[d{T^\—B{p^,r))] -\- Tf^\—{B\B{p^,r)) is a cycle. Define a boundary penalty- energy dJ^e by 
restriction, that is: 



dTMTeLBip,,r))) :-- 



B 



<7;,e> 



<%,e>)d d{T,LB{p,,r)) 



Since Cr := C[d{{T,LGe)LB{p„r))] is a cone, 

71 

r,{Cr) < -dr,{dCr) 

r 

= -dJ^,{d{T,LB{p,,r))). 
r 

Now, set 

/,(r) := T,{T,LB{p,,r)). 
We claim that slicing by u{x) = \\x — p^\\ yields that, for almost-every r (as above) 

dJ',{d{T,LB{p,,r)))<f',{r). 

To show this, let T be a rectifiable current, and u Lipschitz. The slice 

< T, M, r+ >:= 5TL {x \u{x) > r } - d{TL {x \u{x) > r }) 



satisfies, for dTCo{< T,u,r+ >) := /g 



< 7^, e > ) d\\< T,u, r+ > || , the following 



dno{< T,u,r+ >) < Lip{u)limMno{T)L{r < u{x) < r + h}/h 

hlO 

d 

= Lip{u)—nQ{T)'L{x\u{x)<r], 



10 

where we have abused notation and denoted the Dini derivative in the previous hne by d/dr. 
This follows by considering, for a small, positive h, a smooth approximation / of the characteristic 
function of {x \ u{x) > r} with 

f C \ / 0, if u{x) < r 
\ 1, if >r + h 

and Lip{f) < Lip{u)/h. Then (cf. [11, 4.11, p. 56]) 

aHo(<r,u,r+>) « dn^[{dT)Lf -d{T\_f)) 
= dn^{T\_df) 

< Lip{f)no{T)L{r < u{x) < r + h} 

< Lip{u)noiT)L{r < u{x) <r + h]/h 

d 

= Lip{u)—nQ{T)L{x\u{x)<r]. 
ou 

In the present case, with u{x) := \\x — p^W, < T^,u,r+ >= d{Tj—B{p^,r)), dTe{d{T^^B{p^,r))) < 
f'^r) as claimed for almost-every r, since for the standard mass functional this result is standard, 
and re = M + ^Tio- 

Combining these two relationships together and using minimality of T^, 

Mr) := F,{TS_B{p,,r)) < .F,(C[a(r,Li?(pe, r))]) < -dr,{d{T,LB{p,,r))) < 'l^ll^, 

r r ar 

for almost-every r, hence the absolutely continuous part of fe{r)/r'^ is increasing. Since any singular 
part is due to increases in fe{r), fe{r)/r'^ is increasing as claimed. 

Let ^ P be a sequence of points on the support of the penalty minimizers converging to p € 
Supp{T). Set /(r) := T {tLB{p, r)^. Since ff_{r)/r^ is monotone increasing as a function of r for 
each fixed e > 0, so will be f{r)/r'^. □ 



Arguing precisely as in [5, 5.4.3], (see also [11, pp. 90-95]), Proposition (4.1) follows. 



5. Domain of the penalty-minimizers 



Let Q = B{xo,R) be a ball. It follows from the structure theorem for rectifiable currents [5] that, 
except over the bad set B^, which is a set of mass less than ei?", the penalty-minimizer will be 
the graph of a vector- valued BV function Ue- 

The points x £ Q\B^ so that for all p = tt~^{x) n Supp{T^), Q{p) = 1, has measure approaching 
that of O as e I because of our bounds on B^. Since is a rectifiable section, the 

structure theorem for rectifiable currents implies that for J7-a.e. points x of ^\B^, there is one point 
in 7r~^{x) n Supp{T^). 

Define as a vector- valued BV-function over rt\B^ whose carrier is SuppiT^) [2, Section IV], 
defined coordinatewise by integration, first defining Sj as n-dimensional currents in U by Sj{4>) := 

T{yjTT* {(j))) for (p £ E'^{U) and yj the j^^ coordinate of the fiber (U must be a coordinatizable 
neighborhood). Then, the components of can be defined by Sj{(j)) = ^ {u^)j{x)(f), which define the 
components as BVjQ(,-functions on U . 



i7/n7/onnQ. on. in. in 
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It is not clear (compare [2, p. 106]) that this BV map will be a Lipschitz graph a.e. in general. 
For example, if T is the simple staircase current = [[{t,a [t\)]] + [[{[t\ ,a{t — 1))]], t E [0,n], 
T G r([0, n] X M), then T will be a polyhedral chain, and so the image of a Lipschitz map. However, 
the set A on which T\—7r~^ {A) will have a single point in each preimage is the base interval minus 
finitely many points (excluding the points that are the projections of the risers of the stairs), and 
Supp{T) n 'K~^{A) cannot be a Lipschitz graph on all of A. By controlling the height a of the risers 
the total cylindrical excess E of this example can be as small as needed as well. 

However, it is the case that there will be, for any positive number 6 > 0, a Lipschitz map g so that 
g = Ue except on a set of measure less than 6, by Theorem 2 page 252 of [4]. In fact, g can be taken 
to be by Corollary 1, p. 254, of the same reference. The Lipschitz constant of the map g will 
clearly depend upon 6, as is illustrated by the example above. 

Now, it is not necessarily true that the graph of g will agree with Supp{T^) on the set where g agrees 
with lie, since that graph does not necessarily agree with Supp{T^) itself. 

PROPOSITION 5.1. For any e > 0, there is a set ^ of measure less than 2 \\B^\\ and a 
map g^ '■ U\D^ F so that, as rectifiable currents, 

graph{g,)L^-\U\D,) = T,\_^-\U\D,). 

Proof. For 5 > Q sufficiently small. Choose g^ by [4, Corollary 1, p. 254] to agree with on U except 
for a set of measure 5, and to be and Lipschitz there. Take to be the union of this set with 
Se, which if 5 is chosen small enough will have measure bounded by 2 It suffices to show that 

these currents agree except over a set of measure in the domain, outside of D^. However, if they 
disagree on a set A, within U\D^, of positive measure, then for some i, gj{x) = {ue)j{x) is different 
from yj{Supp{T^) n7r~^(x)) on A. However, for any form (j) on the base, over any subset V C U\D^, 
since tt#(T) = 1 • [U], 



yj{Supp{T^) nvr ^{x))(j) 
[ yj{Supp{T,) n TT-\x)) < 7r*(</.), 7^, > dTf' 

f < yjTT* (</.), r, >dW" 

J5Mpp{T0n7r-l{V) 

(rJ_vr-i(F)) (y,vr*(<A)) 



{U,)j{x)(l). 



IV 

Since this equality must hold for all <j) and V C U\D^ as above, the two functions must agree on a 
set of full measure. □ 



Note 5.2. The mass \\Df\\ will satisfy 



lim- IIAII = 



by the construction of both and the extension as defined in the proof of the previous result. 
Similarly, Lemma [3.3] will imply that 



|log(e)| 



with A depending only on dimension. 
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6. Homotopies and deformations 

Let T* be a one-parameter family of countably-rectifiable integer- multiplicity currents with = T^, 
smooth in t. The derivative h := ^ ^ T* at t = is a current, but in general will not be a rectifiable 
current. The support of h will be T^, but h will be represented by integration as 



E 



< h > d \\TJ\ , 



where 



td\\T,\\ = 4- 

" " dt 



T*d 


rpt 








If is a smooth graph, = graph[g^), then T* will be also, for t sufficiently small, T* = graph{g^ + 
tk + 0{t^)), by the implicit function theorem, and 



hdWT, 



Td 



d 
dt 
d_ 

dt 

(Vi/c A (62 + V29e) A • • • A (e„ + V„g,) + • • • + (ei + Vig,) A • • • A Vnk) dC. 



(ei + Vic/e + tVik + t^*) A • • • A (e„ -h V„c/, + tVnk + t^*)dC 



Remark 6.1. Note that this derivative is first-order with respect to the derivative Dk. The deriva- 
tive will be first-order with respect to Dk for places where is not a graph, since, being rectifiable, 
Dk is a sum of terms of that sort. 

Equivalently, we can consider maps i^t : [0, 1] x [/ x M-^ ^ [/ x R-^, ambient homotopies of the region 
into itself, and the push- forward {Ht)#(T) = T*. Of particular interest will be in families which 
are vertical in the sense that Ht{x,y) = {x,y + rj{t,x)) for some r/ : [0, 1] x f/ ^ W . These are, of 
course, in the graph case equivalent to families T* = graph{ge + 'i]{t,x)). 

6.1. EuLER-LAGRANGE EQUATIONS FOR 



Restrict the deformations T* to be, for each e > 0, deformations in the vertical directions only. For 
a rectifiable section, such a deformation will remain a section. If the domain U = B{xo,R), is a 
coordinatizable neighborhood, so that the fiber can be considered to be a compact subset of W , 
and if coordinates are chosen so that (xo,y) is (0,0) (for a particular value of y to be determined), 
then, following [2], a deformation given by T* = {Ht^R)^{T^), where 



Ht,R{x,y) = {x,y + tr]{x/R)), 



(3) 



so that, over B{xo, R)\D^, Tf^\—C{xQ, R) = graph{gt), where gt{x) = gt{x) + tri{x/R), and where 
r] : B{0, 1) — > M'^ is a smooth test function with support within the open ball and with ||Vr/|| < 1 
pointwise. Set Ht := HtA. 

Over a set of full measure in Supp{T^) the tangent cone at {x,gf:{x)) E Supp{T^) is an n-plane and 
is defined as usual from the graph of g^. Since the area functional, as a functional over the base, is 
then 



n\D, \ 



I + \\Vg,f + \\Vg, AVg.f + ■ ■ ■ + 



n 



A--- A 



dc, 
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then the Euler-Lagrange equations, obtained from calculus of variations methods (using a vertical 
variation gt{x) = ge{x) + trj{x/R)), is 



dt 



-JnXD. 



l + \\Vgtf + \\VgtAVgtf + 



n 



Vgt^^^^Vgt 
A • • • A 



f lJ2<V^ge,V^v{x/R)>+J2 E (-1^+*'" A • • • A V,,ff, 



A 



, Vi.ge A • • • A Vi^ge > ) < V^ge, Vi^vix/R) > 



A 



I + \\Vg,f + \\Vg, AVg.f + ■ ■ ■ + 



n 



Vg, ^^^^ Vg, 
A • • • A 



Since the quadratic form A, at a fixed point x, defined by {v,w) h->< V ^g^^V ^g^ >:=< Av,w > is 
symmetric, there is an orthonormal basis {cj} of T^{U,x) for which Ai := V eigt = are mutually 
orthogonal, simplifying the calculations above somewhat. 



= / (5]<^„V,r/(x/i?) > + 
Ju\D. VT 



k=2 ii<---<ik,l=l---k 



H 

A 



l + E E \\A..f---\\A^A\'\dC 

k=l ii<---<ik 



Additionally, since 



l+E E Pnf •••Pdp=n(i+P' 



2^ 

ill ) ) 



k=l ii<---<ik 



i=l 



and similarly, for each j 



l + E E Pni 

fc=l h<--<ik,ii¥'j 



ll^ifc II 



n (i+p^i 



as a functional over the base 
= 



^ < Aj,Vjr]{x/R) > 



UXD,'^^ l + \\Aj 



l + E E ll^i.l^-llAjNdr- 



fc=l ii<---<jj. 

As a parametric integrand, the Euler-Lagrange equations simplify, in this basis at each point, to 



dt 



0-Jtt-^U\D,) 



fe{T')d 



y <Vige,yMx/R) > ^uj.u 
7r-l(C/\D,)Y l + ||Vi5ef 



i7/n7/onnQ. on. in. i^ 



14 



where is the BV-carrier of on the good set. Note that, although not exphcitly manifest, 
the derivative of d 11^*11 with respect to t is included in the formula above, since the preceding 
calculations are nonparametric on the good set. 

On the bad set, the deformation is 

d_ 
di 



UT')d 



< T„htR >d\\T,\\+B, 



0. This follows since a vertical deformation, that is, 
the boundary of the set where the penalty energy 
is nonzero, and the penalty- energy TC^ itself, will not change under such a deformation. Also, the 
mass of that part of which is vertical (for which Tr^{T^) = 0) will also remain unchanged under 
such a deformation. 



where, since the deformation is vertical, B 
T* := iHt)#{T) for Ht{x,y) = {x,y + tri{x/R)) 



7. Squash-deformation 



Let E be the cylindrical excess of the penalty-minimizer T^, 

E := Exc{T,;R,xo) := ^ (m{T\_t:-\B{xq, R))) - M{7r#{T\_7T-\Bixo, R))) 

and for a given R, < R < 1, define the non-homothetic dilation (f)ii{x^y) = (^, = {X,Y) of 

the cylinder 7r^^(i3(xo, -R)) (we restrict to a coordinatizable neighborhood, so that the fiber can be 
considered to be a compact set within W , and we assume without loss of generality that = 0), 
and set T^^^r := {4>r)^ (Te\—TT~^{B{xo,R))^. T^^r minimizes the penalty functional J-'e,R defined by 



:f,,r{S) ■■= I E-'R-^f, 

J-K-^{B{x,R)) 



# 



{S)]d 



# 



5 



(4) 



which contracts the current S back to the cylinder of radius R, evaluates the original penalty 
functional there, and scales to compensate for the factors of R and some of the factors of E. 
Consider the Euler-Lagrange equations of this functional, on V{B{xq, 1) x M*'). Applying a vertical 
deformation as before, 



d 

'dt 
d 

dt Jn~^{B{xo,R)) 
d 

di 



Y.^eR [{ht)# {T,,r) 

E-'R-^^fJ{rR) {iht)#{T,,R)))d 



{rR')^{ht)#{T,,R) 



7T-^B{xo,B)) 



E-'R-^^f, ( {{ht,R,E)# (Te)) j d II [{ht,R)^ (T,) 



where ht^R,E{x,y) = {x,y + VERtr]{x/R)) 

For a given x in the good set, then for sufficiently small R this integral consists of two pieces, the 
integral over the good set within B{x,R), which is the integral of a graph, and the integral over 
the bad set, which shrinks with e. 



Case 1. On the good set, where gt and Gt{X) := gt{RX) / {\/^ R) are C^, denote also by VjGi the 
covariant derivative of Gt in the direction of d/dXi on the ball -6(0, 1), with the metric stretched 
by the factor of 1/-R, and similarly for other maps. For maps defined on i?(0, 1), the notation 
will refer to covariant differentiation with respect to d/dXi, and for maps defined on B{xo,R), Vj 
will refer to covariant differentiation with respect to d/dxi. 
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d_ 

dt 
d_ 

dt Jn-^B{xo,R)\D,) 
7r-i(B(xo,R)\Z),) 

B{xo,R)\D, ~" 



dt 



,R,e)^ {Te) 



n, i + ||v,-5t| 



1 + llVi^tl 



B{0,l)\<t>R{D,) 



n, i + ||v,5t| 



1 + llVi^tl 



< ^iguViVR > dC^ 



< VEViGt, VEViT] > 



x=RX 



J B{0,l)\ct>R{D,) V 1 



n,(l + ||V,g,f) 



+ \\^^9t\\ 

Now, as i? ^ 0, the integral formally becomes 



B{0,l)\\\mR^Q<l>a{D,) 



<V^Gt,ViV> dC"". 



x=RX 



n,- 1 + 



5:^ 



+ A2 



< V,Gt,Vi77>d/:", 



where a| are the critical values of the quadratic form {v,w) ^< V vOt,^ wQe >■=< Av^w > as 
before, for unit vectors v and w, defining a linear operator A as at the end of the previous section. 
ge is the BV-carrier of the rectifiable section T^. The operator A = y^det{I + A){I + A)~^ will by 
elementary calculation have the same eigenvectors as A, and eigenvalues: 



(5) 



Case 2. On the bad set: 



LEMMA 7.1. Given E = Exc{T„ R), and for any e > 0, 

T,L7T-^{D,nB{xo,R)) < ER'' + e A/ \log{e) 



Proof. 



T,LTr-\D,nB{xo,R)) 



T,LTT-'{D,nB{xo,R))\\ - \\D,nB{xo,R)\\) 
+ \\D,nBixo,R)\\ 
< ER"" + \\D,nB{xo,R)\\ 
= ER^ + eA/\log{e)\, 



where the first inequality follows from the fact that the excess is that same difference between the 
mass of and its projection (multiplicity 1) over a larger area than n B{xq,R). □ 
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Conversely, the excess E will give a bound on the measure of D^, which will allow us to re-estimate 
the mass T^\—tt~^{D^ f] B{xo, R)) in terms only of the excess. Recall that A <^ B denotes that 
A is bounded above by a constant times B, where that constant is independent of the variables 
included in A and B. 



LEMMA 7.2. \\D^n B{xo,R)\\ ER''. 

Proof. On the slightly smaller set B^ C D^, B^ := |j; |/ie((2t)2) > Ofor somez G 7r~^(x) |, there will 
be at least 3 points in tt""^ [x)r\Supp{T^) for a.e. x G B^, because homologically 7r^{T^) = l[B{xo, R)] 
and, where /i^ ^ 0, '/r^,(2t) = — IM^, applying the constancy theorem. Thus, 



ER"" > 



T,LTT'\B,nB{xo,R)) - \\B,nB{xo,R)\\ 



> 2\\B,nB{xo,R)\\, 

and the Lemma follows from the fact that \\D^ n B{xo, R)\\ < 2\\Bf,ri B{xo,R)\\, by Proposition 
(5.1). □ 

Remark 7.3. On cursory examination, this Lemma would seem to imply that there is a relationship 
between the excess and the penalty parameter e, that is, the excess could not be chosen arbitrarily 
small unless e is itself sufficiently small. Since, however, can be empty independent of e, that is 
not necessarily the case. 



COROLLARY 7.4. Given e > and E = Exc{T„R), 



T,LTT-\D,nB{xo,R)) 



< ER'- 



Proof. If e is the unique unit horizontal n-plane so that tt^ (e) = *dVM 



ER"" 



> 



T,LTr-\B{xo,R))\\ - \\B{xo,R)\\ 
(l- < 7t,e >) (i||r,|| 

(l- < 7t,e >) dllTe 



7r-i(B(a;o,R)) 



T,LTT^\D,nB{xo,R)) - \\D,nB{xo,R)\\ 



T,LTr-\D^nB{xo,R)) 



ER" 



by Lemma (7.2). 



□ 



In addition, we have 



PROPOSITION 7.5. 



Proof. 
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dt 



= / ^-ii2-"<7t,/^>a!||7;|| 
< / E-^R-''^/Ed\\T,\\ 



< cVe. 
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□ 



8. Technical estimates 

There are a number of technical estimates we will need of higher Sobolev and norms for the BV 
carrier / of over B{xo, R). The notation is as in the previous section. These results are all slight 
modifications of results in [2]. The present situation is, unfortunately, slightly different from that 
considered by Bombieri, so that the statements, and proofs, need to be altered. 

Following [2], first we show that 
LEMMA 8.1. 

{\\{dx,df)\\-l)dC' < ER"". 



lB{xo,R) 

Proof. If r] is smooth and of compact support in the interior of B{xo,R), then 

= -Te [vj^dxi A • • • A dxj^ 

= Te {^{-lyujd {rjdxi A ■ ■ ■ A dxi A ■ ■ ■ A dxn^^ 

= Te ((-l)'(i {vjVdxi A-- - AdxiA-- - A + 

(^{-iy~^r]dyj A dxi A ■ ■ ■ A dxi A ■ ■ ■ A dx^^ 
= {-lydT^ (jjj7]dxi A ■ ■ ■ A dxi A ■ ■ ■ A dxn^ + 

(^{-iy~^r]dyj A dxi A ■ ■ ■ A dxi A ■ ■ ■ A dxn^ 
= Te (^{-iy~^r]dyj A dxi A ■ ■ ■ A dxi A ■ ■ ■ A dxn^ . 
Thus, by the definition of mass and the definition of / as the BV-carrier, 

sup/ \r]odxiA---Adxn + y2rjijDifj]<M{T,L7r~\B{xo,R))) (6) 
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where the supremum is over all {rio,riij) of pointwise norm less than or equal to 1. Since that 
supremum on the left is the total variation of {dx,df), subtracting Jb{xqR) ^dC^ from both sides 
yields the statement. □ 

LEMMA 8.2. 

JB(xo,R) 

Thus, there is a y* so that 

f \f{x)-y*\dC' <.VeR''+\ 

Proof. In the inequality (6), set r/o = 1 — t, r > 0, put all but the Difj terms on the right hand 
side, and we get 



Jb{xo,R) 



rl^jD^fj < Kr + E)R^ 



for all r/jjwith J2 Vij < 2r — r^, so 



\m < 



B(xo,R) A/2r - t2 

Choose r = E/ (E + a;„), then 

/ \\df\\ < ^/E + Z^n^R'^. 

JB{xo,R) 

The second inequality follows from the first by a Poincare-type inequality for BV functions, proved 
by the standard contradiction argument using the compactness theorem for BV functions. □ 

Remark 8.3. Note that the implicit constant in the <C of the statement of the Lemma is indepen- 
dent of E. 



LEMMA 8.4. For each e > 0, the had set can be chosen so that \\Vg\\ < l/V-B on B{xo,R)\D^. 

Proof. By Lemma (8.2), there is a constant C so that /b(xo R) ll^/ll — C^/ER"^. For each 
A > 0, \\{x £ B{xo,R)\ \\df{x)\\ > A}\\ < OVER'S/A. Given 1 > e > 0, enlarge the bad set L>, 
to also include |x G B{xo,R)\ \\df{x)\\ > which will still keep the measure of the bad set 

\\De\\ <^ ER"-. □ 

LEMMA 8.5. For each penalty-minimizer T^, there is a 71 >0 so that if the excess E < 71, we have 

Supp{Tj_7r-\B{xo,R')) C {\y-y*\ <E^r], 

where R' = {1 - E^/^'^)R. 

Proof. Initially, we need some basic estimates. 

From Corollary [7.4], < CE. For any given 

{vR) ■ mens (5(xo, R)n{x^ D^\ \f{x) -y*\ > vR}) 

< I \f{x)-y*\dC^ 

JB{xo,R) 
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by (8.2) for the last inequality. Then, 

meas {B{xo, R) n {x ^ D, | |/(x) - y*\ > vR}) < ^E^/'^R''. 

This implies that 

\\Te\\{z = {x,y)\\y -y*\ > vR} 

< \\T,\\LTT-^iD,)+meas{B{xo,R)n{x ^D,\\f{x)-y*\ > vR}) + ER"" 

< (lER"" + -E^/^)R''. 

V 

The proof of the Lemma now follows by a contradiction argument. Choose v = ^i?^/^" and suppose 
there is a zq G supp{T), zq = {xQ,yQ), with |yo — y*\ > "^vR, and with |xo| < (1 — 2v)R (without 
loss of generality we can take xq = 0). Then, 

{z ||z — zq\ < vR} C {z = (x,y) I \y — y*\ > vR , \x — xo\ < R} 

and so the previous inequality implies 

M (t,L{z = ix,y)\\z- zo\ <vR}) < iE + ^E^/^)R'' 

Now, the monotonicity result Proposition(4.1) implies that for e > sufficiently small 

{vR^ < M (t,L {z\\z- zo\ < vR}' 



stringing these inequalities together implies 

However, since the constant implied in the <C of this inequality is again independent of E, for 
sufficiently small E this inequality will fail. Thus, there is a sufficiently small E, E < ^i, for which 
there is no such zq] that is, for which the statement of the Lemma will hold. □ 

LEMMA 8.6. Set 

_ I f 

^' \\B{xo,R/2)\{D^n B{xo,R/2))\\ JB{xo,R/2)\{D,nB{xo,R/2)) 

Then 

Jn~'^(B{xo,R/2)) Jb{xo,R/2)\D^ 

Proof. We have, from the proof of Lemma (8.5) that, for any s > 0, 

||r,|| [tt-\B{xo,R/2)) n {\y -y\> s}] 
< ER"^ 

+meas(5(xo, R/2)\ {D, n B{xq, R/2)) n {|y - y| > s]), 

where the first term on the right-hand side is a bound on the mass over the bad set D^<^B{xq^ ^/2) 
Set Y = sup I ^ , , , Jy — y|, and we have 

^y&Supp{T^-K-^{B(xo,R/2)))^^ ^" 



/ \y-y?d\\T^\\ 

Jn-^B(xo,R/2)) 

2 sM(TLTi~^{B{xQ,R/2))r\{\y-y\ > s}) 



B{xo,R/2)\D, 



i7/n7/onnQ. on. in. lo 
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Choose^ with \x — xo\ < R/2 and so that {x,y) is in the convex closure of supp{Tf^\—Tr~^{B{xo, R/2))) 
for e sufficiently small so that the estimates in Lemma(8.5) hold. That lemma then implies that 

Y< sup \y-y*\ + \y* -y\<2E^/'^'^R. 

■K-i{B(xo,R/2) 

For e > sufficiently small, substituting this inequality in above yields the Lemma. □ 

The following result, unlike the others of this section, is not merely closely modeled upon the results 
of [2], it is precisely as given in that paper. See [2] for the proof, where it is Lemma 7. 

LEMMA 8.7. Let ^ < 9 < I, I < p < there is a constant r = t{9,p) such that if A is a 

measurable subset of B{xo, R), if 

meas{A) > 9 meas{B{xo, R)), 

if h £ BV{B{xo, R), and if either 

hdC' = or X4 sign{h) \h\^'^dC^ = Q, 



then 

R-" I \h\PdcA KtR^-" [ \Dh\dC'. 

Jb{xo,R) J Jb{xo,R) 

LEMMA 8.8. For 

^' \\B{xo,R/2)\{Den B{xo,R/2))\\ lB{xo,R/2)\{D,nBixo,R/2))'^'^^ 

as in Lemma (8.6), and if E < 1, 1 < p < we have 

[ \f-y\^^ «p i?"+2P^P(l+l/2n) _ 

JB{xQ,R/2)\{B{xo,R/2)r\D,) 

Proof. We may assume that y = 0. For (j) = (j){x)dxi A • • • A dxn a horizontal form, define currents 
by 

Vj{<P) ■.= T,{yj\yj\(t>) 

and represent it by integration as 



V,{<P) = / hj{x)<t> 

JB{xo,R) 

with hj G BV{B{xo,R)). By the definition of the good set ^(xo, -R/2)\(S(xo, -R/2)nL',), hj = fj\fj\ 
on the good set. If ip = J2i tpidxi A • • • A dxi A • • • A dxn is smooth, with compact support in the 
interior of B{xq, R), we have 

^VJ{^|J) = T,{y,\yj\di^) 

= dT,iyj\y,\i;)-2T,{\yj\dy,A^) 
= -2r,(|y,-|(iyj A^). 



i7/n7/onnQ. on. in. on 
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If tp has compact support within B{xo, R/2), 

\dVj{tp)\ < 2 [ \yj\y] (dyj AdxiA--- Ad^iA--- A dxn, % 

Jb{xo,R/2) ^ ^ 
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dm 



< 2 (sup 

< 2 (sup 



/ l^il x'^Vj ^ '^^1 A • • • A (ixi A • • • A dxn, %) d \\Tt 

JB{xo,R/2) V i / 



C{xo,R/2) 



\yjfd\\T^ 



< 2(sup||V'||) ( / 



1/2 



1/2 



C{xo,R/2) 



dx, jt 



1/2 



dWTJ 



IC{xo,R/2) 

Lemma (8.6) and this inequahty impHes that 



yj\^d\\T,\\\ {2ER 



n.xl/2 



/ \DhAdC = M ((dVi)LB(xo,R/2)) 

JB{x,R/2) ^ ' 



1/2 



\Jc{xo,R/2) J 
« {2ER"f/^ /'^l+l/2n^n+2 ^ J 



n\l/2 



1/2 



\ JB{xo,R/2)\D, 

Now apply Lemma(8.7) with A := B{xq^R/2)\D^ inside of B{xq, R/2), which implies that 



/ -^R [ \DhAdC. 

Ja Jb(xq,R/2) 



Combining this with the previous inequality. 

2 



( [ \Dhi\ dcA « (2£;i?") ( ^i+V2n + ^ /■ \DhAdcA , 

\Jb{xo,R/2) J \ Jb{xo,R/2) J 

which by the quadratic formula and the fact that E < 1 implies that 

[ iLl^jld/:" <^l+l/2n^n+l_ 

Jb{xo,R/2) 

Applying Lemma (8.7) gives the statement. 



□ 



LEMMA 8.9. There is an r with R/A < r < R/3, for which, given < /.i < 1, there is a current S 
so that 

1. d{SLC{xo,r)) = d{T,LC{xo,r)), 

2. d{'K#{SLC{xo,R)) = dB{xo,R), 

3. diam{Supp{S\—C{xQ,R)) U Supp{T^\—C{x(),r))) < R, 

4. EXC{S, R) « flE + i^l+V2n/^ + lBixo,R/2)\D. 1/ " Vl' dC^ / 
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Proof. As before, normalize so that y = 0. If 5 is any normal current in x M^, the slice 

<S,r >:= d{SLC{xo,r)) - {dS)LC{xo,r) 
satisfies, for smooth functions g, 

< S,r > \_g =< S\-g,r > 
for almost every r, where S\—g{<j)) := S{g(l)), and 

r M{< S,r>)dr < M{SLC{xo,p)) 
Jo 

(cf. Morgan, p. 55). Applied to T^, with g = and p = R/2, we have 

f-R/2 



^ (7W(< T„r >) - na„r"-i) dr < 7W(rJ_C(xo, i2/2)) - a„iZ"/2 

< (^|yi?xc(r„i?/2) 



2) 

< R^'E, (7) 



and, from Lemma (8.6) 

f-R/2 /--ff/a 



/ 7W(< re,r > |_|y|2)dr = / 7W(< ^J_|y|^ r >)dr 

JO JO 



< / \y\^d\\T,\ 

C{xo,R/2) 

B(a;o,R/2)\Z), 



< £;i+V2n^n+2^ /" (8) 

JB(xn,R/2)\D, 



Note also that 

7W(< T„r >) -nanr""'^ > Mi< 7r#(r,),r >) - na^r""^ = 0, 

since ir^ is mass-decreasing. 
From (7), there is some r with 

M{< T„ r >) - na„r"-^ < 

and due to the implicit constant in the inequality, such an r can be found in [R/4, R/3]. We can 
also find, using (8), a choice of r G [i?/4, i2/3] also satisfying 



R Je 



B{xo,R/2)\D, 



We now construct a comparison current. Set S to be the current 

5 := Bixo, (1 - M)r) x {0} + - ^, 1 + ^] x < T,, r >) + (S(xo, i?) - B{xo, (1 + ^)r)) x {0}, 

where 

Ht, x, y) = {tx, y-\t- l|y//u). 

S is a deformation of the horizontal current B{xo,R) x {0} that matches with the slice of at 
radius r, but which is still flat off of an annulus of width 2fi. It is clear from the construction that 
this current satisfies (1) and (2) of the statement. 



i7/n7/onnQ. on. in. oo 



Partial regularity of mass-minimizing rectifiable sections 23 

Since \dh/dt\ < (r^ + \y\^/fi^y/'^ (also cf. [5, 4.1.9]) 

Performing the indicated integration with respect to t and noting that + < (j" + , 



M{h#i[l-fi,l + fi]x < T„r>)) < Jl^'^e-^ J{r^ + \y\yfj.^)^/'^d\\< T„r >\\dt. 



X(/i#([l-^^,l + Hx <r„r >)) < (^ii±i^Z_ll_^^||^r + i^jd||<r,,r>|| 

< {2nfi)(^rM{<T„r>) + -^M{<T„r>L\y\'^)y (9) 



Now, 



Exc{S,R) = M{SLC{xo,R))/R'' - an 

= M{h#{[l- fi,l + fi]x <T,,r >))/R^ + a„((l - /ifr" + (1 + ^rr")/i?" 

< 2n^l (^M{< r„ r >) + -^M{< T„ r > \-\y\'^)^ /i?" + a„(-27i/ir'^)/i?" 

< I r{ER''-') + ^ I ^i+V'2n^n+l ^ 1 /■ 1^ _ -|2 \ \ ^ 



fJL^r y RJe 
« f^E + ^E'+y'- + -^( f \f-y\'djC 



B{xo,R/2)\D, 



which is part (4) of the Lemma. 

Part (3) of the Lemma follows from Lemma (8.5). □ 
LEMMA 8.10. IfR< 73, then, for < 1^1 < I chosen as before, and if E < min{7i, (2/3)'*"}, 



Exc{T,,R/A) « ^E{1 + -) + e[ (I + tt) + / \f -y]^ dC' {^iR 

Proof. Again, suppose that y = 0. Let S be as in Lemma (8.9). and set 

f := T,LC{xo,r) + S- SLC{xo,r), 

which replaces by S outside of the cylinder of radius r, without introducing any interior boundaries 
by the construction of S. Note that dT = dB{xo,R) x {0}. By construction, monotonicity of the 
unnormalized excess, and the choice ofr, R/A < r < R/3, 

{R/AYExc{T,,R/A) < r^'ExciT^r) = r".Exc(f ,r) < R''Exc{f,R). 

By the definition of the penalty functional, 

Exc{f,R) := (^M{f) - M{B{xo,R) x {0})) /i?" 

< (Te{f) - T,{B{xo, R) X {0})) //^^ 



Using minimality, 

J^,{T,LC{xo,r)) < j;(5LC(xo,r)), 
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so that 



^,(r) = J^,{T,LCixo,r) + {S - SLC{xo,r))) 
< ^.(5). 

Thus, 

Exc{f,R) < (T,{f) - T,{B{xQ,R) X {0})) /i?" 

< (^,(5)-A^(i?(xo,i?) X {0}))/ii". 

Now, 

= M{B{xQ, (1 - ^)r) X {0}) + M{{B{xo, R) - B{xo, (1 + I2)r)) x {0}) 
+^,(/i#([l-/i,l + /i]x <r„r >)), 

and the shce < T^, r > is the graph of the function / on dB{xo,r)\{DeridB{xo, r)). The integral 
over the bad set n dB{xo,r) will, for some r G [R/A,R/3] consistent with all previous choices 
of r, be bounded by the mass over that set plus (12/i?)(Si?")(i) = 12i2"-i(E)( J^) by Corollary 
(7.4) and the definition of T^:. So, similarly to equation (9)the proof of Lemma (8.9), but using the 
height bound of Lemma (8.5) to bound along with the estimate for \y\ from Lemma (8.6), 

Supp{T,Ltt~\B{xo,R')) c {\y-y*\ <E^r], 

and 

sup \y-y*\ + \y* -y\<2E^/''^R., 

7T--^{B{xa,R/2) 

with y = 0, implying that \y\ < 2E^/^"R, to bound the contribution from the sloped sides of 5 on 
the bad set, 

J-,(/i#([l-/i,l + /i]x <r„r >)) < / M{h#{[l- fi,l + fi]x <T„r>)) 

JB(xo,r(l+M))\B(xo,r(l-At)) 

+ ir' + \y\V^^')'/' / (l + /^)"-(l-/^)" \ (i2i?n-i)(£;)(l) 
\ n J 2e 



< I 7W(/i#([l-^,l + ^]x <T„r >)) 



I B(xo,r(l+tM))\B(xo,r{l-/j.)) 

+2n^ [r + j (12/2"-i)(i?)(-) 

Combining this inequality with Lemma (8.9), 

Exc{T,,R/A) < A''Exc{f,R) 

< r{T,{S)-M{B{xo,R)x{0}))/R'' 

< r{M{S)-M{B{xo,R)x{{)}) 

+2n,. (^r + j (12i?"-^)(ii;)(-) j /i?" 

< 4"f£;xc(5) + 2n^fr+ ^^^^ j (12i?-i)(^)(-) j 
« ;,£;(i + -) + ^ (I + tt) + / IZ-yp^i/:"/ [iiK' 



2e \ /X 2e / Jb{xo,R/2)\d. 
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as required. □ 



9. First variation of J^e(T) 



Consider the deformations {ht)#{Tf:) of T^, where ht is given by 

ht{x,y) := {x,y + tVERr]{x/R)), 

for — 1 < t < 1, and 7] smooth with compact support in |X| < 1, with ||V77|| < /?. Given the blow-up 
map 

' X y 



(t>R{x,y) = 



ER 



■■= {X,Y), 



define F : B{xo, 1) ^ W by 

Fix) = f{RX)/{^R), 

where / is, as before, the BV-carrier of T^. On the good set, moreover, Ge{X) = g^{RX)/^/ER, 
and so V xGe = -^^xde, where ge is the graph representing on the good set. 

LEMMA 9.1. If rj[X) is smooth with compact support in \X\ < 1, |V?7| < 1, then given a deforma- 
tion ht given by 

htix,y) := {x,y + tVERr]{x/R)) 
and ifT^fi = {(Pr)#{T^), where 4>R{x,y) = {x/R,y/{VER)), then 



^ * ' -^^(^0,1) ft 



Proof. By Lemma (7.4), and the definition of the bad set in Proposition (5.1), we find a 
function : B{xo, R)\Df: F whose graph agrees with over B(xo, R)\D^, and gt{x) := ge{x) + 
tVERr](x/R). Then 

Lit) := T,{{ht)#{graph{g,))L{C{x^,R)V-\D,))/{ER^), 
K{t) := J',{{ht)#{T,)L{C{xo,R)n7:-\D,))/{ER^') 

J^,{{ht)#{T,))/{ER-) = L{t) + K{t). 



so that 



Apply the squash-deformation (j)R{x,y) := {x / R,y / {\fER)) . HT^^r := ((/)/j)^(TeLC(xo, i?)), it will 
minimize the functional J-e,R defined by 

J^,,r{S) ■.= J^,{irR%{S))/{ER^), 

so that, on T, r, J=, r{T, r) := J=,{T^LC{xo, R))/{ER'^). Explicitly, for S a graph on vr-^O) C 
C(Xo,l), 

J^,,r{S) = ||(</>^i)#(5)||/(i^i?") + ^Wo(5), 
where TCq is as defined in the beginning of §4. 
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On the good set, since the penalty term vanishes there, 



di 



Lit) 



d 

n 

d 

di' 



T,{{ht)#{graph{g,))L{C{xo,R)\^~\D,))/{ER'') 
M{{ht)#{graph{g,))UC{x^,R)V~\D,))/{ER'') 

/7r-i(B{xo,fl)\D.) Y l + IIVifi-tll / 

by [6.1]. Since gt{x) := g^ix) + ty/ER7]{x/R) and h{x) = ^ = y/ERi]{x/R), 
d 

■L[t) = I 

'-{B{xo,R)\D,) 



dt Jn-HB{xo,R)\D,) ^ l+||Vi5t|r 



E 



(ei + Vi5e + tVEVif]) A • • • A (e„ + V„(7, + tV^V„r/)|| dC". 

Now apply the squash-deformation 4>r{x, y) = (X, y) := {x/R, y/ {^fER)). Explicitly, for 5 a graph, 
S = graph{P{X)) on C{Xq, 1), 

T,,r{S) = ||(0-i)#(5)||/(i?i?") + ^i/o(S) 



1 + E II VjPf + • • • + llViiP A • • • A Vi„Pf 



Jb{xo,R) 

keeping in mind that the penalty term vanishes on graphs. Use a coordinate system {x^, . . . 

so that the quadratic form A^{v,w) ^ < V vge^^ wgt >\xo diagonalized, with eigenvalues af. 

The operator Ae ■= det{I + A^){I + A^)~^ with the same eigenvectors but with eigenvalues 



1+ai 

d -r , ^ 



is the first term in the expansion of the previous expression. 

j^T,{{ht)#{graph{g,))L{C{xo,R)V-\D,))/{ER^) 



d 

lit 
d 

'di 
1 



:F,^R{{^R)#{ht)#{T,)LC{xo,R)\7r~\D,)) 

[graphic, + tr?)L {C{Xo, 

^ ^ < ViGe,ViV > +tE < Vjij, Vjij > 
Y l + E\\V,{G, + tr])f 



1 + E ||V(G, + t??)f + • • • + ||V(Ge + t?7) A • • • A V(G, + tr/)f 

V (< ViGe, Vi?? > +t < V,,rj, V,,rj >) Aid/^" + Q, 

b{Xo,iMr{d^) i 

where the coordinate basis {X\^ . . . , X„} is chosen at each point to be an orthonormal eigenbasis of 
{y,W) i-^< Vy(Ge -htry), VvF(Ge + try) > and, at each point, := V^/aXi- Since {Vj(Ge + try)} is 
orthogonal by choice of basis. 



1 + E ||V(G, + t?7)f + • • • + S ||V(G, + tr?) A • • • A V(G, + try)|p 



n,- (l + i?||Vi(G,+tr?)||' 
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Choose {Vi} to be an eigenbasis of A as above, that is, an eigenbasis of (F, TV) •-^< VviG^ + 
07]),Vw{Ge + 0v) >atXo. 
Q is given simply as 

yB(xo,i)w«(D.)Y i+i?iiv,(G,+t7?)f V n II ^ 

- (< ViG„ V,?7 > +t < Vi??, Vir/ >) Aid/:" 
:= / y^{<ViG„Vii]>+t<Vi7],Viri>)QidC''. 

JB(Xn.l)\(b„(D,) . 



If 



IUj^i{l + E\\P,f] 
l + E\\P^f 



Qi '■= Qi(Vi(Ge + try), . . . ^Vn{Ge + then by a simple application of the mean value theorem 
at each x, there is a c := c{x) € (0, 1) for which, since if '^ViGe\^Q '■= Ai, Qi{Ai, . . . ,An) = 0, 



Q^ = ^{Pl{c),...,Pn{cmj{G, + tv)-Aj) 



U,^,Jl + E\\Pk{c)f) 
E ^ / ' \ , < Pjic),V,{G, + tv) - A, > 

Jl + E\\P,{c)fJl + E\\P,{c)f 



n,^, (i + E\\p,{c)f 



i + Em(c)f 



for some (Pi(c), . . . , P„,(c)) = (A, • • • , ^n) + c(Vi(G, + tr/) - A, • • • , V„(G, + tr?) - c G (0, 1). 

Now, f{t) = t/^/TTt is increasing for t > and ||P;(c)ll < ll^iGell < ||^'«(c)|| (which follows 
because ||V?7|| and Ai are bounded), so that 



/nfe^,j (l + ^ ||Pfc(c)f ) « ^Jnk^^,J {l + E llVfcG, 
and 

E < Pj{c),VjiG, + tr^) - A, > ^ E\\P,ic)f ^ E 



|2 



1 + E \\P,{c)f ^1 + E ||P,(c)f ^1 + E ||V,af 

Then, applying these inequalities to the expression for Qi above. 



E\\VjG,\\\Uk^,Jl + E\\VkG^ 

IQ.I«E- 



l + E\\V,G,\\^^l + E\\P,{c)f 

and so, this time because f{t) = t/Vl + t'^ is also increasing, and using Lemma (8.4) in the second 
step. 



1 , VE\\ViG,\\E\\VjG,\\\Uk^iJl + E\\Vj,G, 

Ve Jb{Xo,i)\Md.) f7 ^Jl + E\\V,G,\\yi + E\\VjG,f 
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E Jb{Xo,i)\4>r{d,) ^ 



E 



\V,g,fJl + \\Vjg,f 



dCiX) 



x=RX 



1 



E JB{Xo,l)\^RiD,) 

E. 



nJl+IIVfc^e 



1 



x=RX 



ab'^c 



> 



The last inequality follows from the fact that 

4(Vl + aVl + 62c - 1) 
for any c > 1, which is a straightforward calculation. 

On the bad set -D^, by the strong approximation theorem [5, 4.2.20] we can assume without loss of 
generality that Tf^\—7r~^{D^) is the image '4>^{P), where P is a polyhedral chain and is Lipschitz. 
The definition of K{t) and the fact that the deformation /ij is vertical [cf. (6.1)] implies that 



dt 



Kit) 



d 
It 



f Mjl)d\\Tt\\/{ERn 



d 



7r-l(D,) dt 



d\\Tt\\/{ER^) 



since the deformation will leave the penalty part fixed. In addition, the derivative of this integrand 
will be at all points with a vertical tangent plane, again due to the fact that the deformation is 
vertical. At all points where the tangent plane is not vertical, the mean- value theorem approximation 
used for the good set will again hold, where we can replace ge{x) by ipip), where TT{ijj{p)) = x. In 
the notation above, if 

T,AS):= irR%{S) /{ER-) + -^H{S), 



then applying the squash-deformation, for which 0^?/; := ^ 



jK{t) = ^^:F,,n{m#{^#{P))L{M^^\D,)) 



1 d 



EE'' dtJp 



Ll E Em{{Ht)#{^#{p)urd\\p\\ 



|a|+|/3|=n 



where again the penalty part is irrelevant since the deformation is vertical, and the deformation Hf 
defined by Ht = (l)Rht(j)~^ becomes translation vertically by tr]{X), where X = 7r{p), p G Supp{P). 
Also as a consequence of the verticality of the deformation, the (3 = term of the integral will be 
unchanged under the deformation, so 



1 



£^E|a|+|/3|=n,/3^0^l^l~'(^t)#(^#(P)W^(^t)#(%(P)) 



«/3 



d\\P\\ {p) 
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The factors Qi, Q = J^, J2i (< V^r/, ViF + tVii] >) QidC^ can be bounded as before. The factor- 
ization of the integrand 



/n(i+^ii^:/-i 



since we only are concerned with points at non- vertical tangents, Pj = Vj{F + tr]), is well-defined, 
where the covariant derivative is in the direction of d/dXj as before, and the basis is chosen to 
diagonalize the quadratic form {V, W) i-^< VyF + tr/, VwF + t?? > as in the previous case, A is 
this quadratic form at t = 0, and A is derived from A as before. Each such Qi can also be bounded 
as (since E <1) hy 



|((Vi77,ViF + iVi??))Qi| « ^/E^Iij^i(l + E\\Pj\\^) 

« ^JT{{^ + e\\p,\ 



E J2 Emi{Ht)#i^#iP)U)\ 



\a\ + \P\=n 



SO that 



7 n 

-Kit) - ^ Afc (V,77, VfcF + tVkV) dC' 

« ^njXlY,^ mm^i^^iP)u?dm 



, \a\ + m=n 

r,L^-i(A)||/(/Ei?") 



<c Ve 

by Corollary (7.4). This establishes the Lemma. 



□ 



LEMMA 9.2. With the hypotheses of Lemma (9.1), if the support ofij is contained in \X\ < \ — E^/^^ 
and \Vrj\ < 1, we also have 



I Y.-^^k{ViV,VkF)dC' 

JB{Xa,l) 



< Ve. 



Proof. Here we use the minimality of T^. Prom Lemma (9.1), we have that 

^,^e,R i{ht)# {T,,r)) /{EK') - I J2 Afe (V^r?, VfcF + tVkV) dC' 
dt \ ^ ) JB(X,ul)7t 



<. Ve. 



However, since minimizes T^^Rwill minimize Te,R by its definition. This implies that 



and the Lemma follows from setting t = 0. 



□ 
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LEMMA 9.3. For any L : B{xo,R) so that, for some a, \grad{L)\ < a < 1. , let h{x,y) 

(x, y — L{x)). Then 

Exc{h#{T),R) -^E + a"^. 
Proof. Since h is vertical, if e = dx^ A • • • A fix" is the horizontal n-vector in A„(S(xo, R) x R'^), 

<e,h# (it) >=<eX> 

and so, for any multiindex 

< dx" A dy^, h# (it) > - < dx" A dy^, % > 



Since 



/ Yl <dx^ Ady(^,h#(f) 

\a\ + \P\=n 



< /<e,T^>+ J2 {< dx"' Adyf^,f > +cay 

V |a| + |/3|=n,|/3|>0 



< 



< 



\ 




|Q| + |/3|=n,|/3|>0 



< A dy^, f >\ +da'^ 



1 + c"a / ^ (< A dyf^, f >)2 + c"a^ 

V |a| + |/3|=n,|/3|>0 



< l + cVVl-<e,7^>2 + cV2, 



\h#{T)\\ < (l + cV)||T||+cV / < e, 7^ >2d||r|| 

Jc{xo,R) 

< (1 + c'V^) llrll + c ( a\f\\T\\] VER^ 



< \\T\\+c"'a^ \\T\\+c"'ER'\ 



Since ||T|| <^ i?", the Lemma follows. 



□ 



10. Iterative inequality 

Fix < /5 < 1/4. 

PROPOSITION 10.1. IfT is a mass-minimizing rectifiable section T S T{B) which is the limit of 
a sequence of penalty minimizers T^, and there exists a positive constant a = a(/3) and a constant 
c, so that if 

R + Exc{T; R) < a, 

then 

Exc{h#T; (3R) < c[fExc{T- R) (10) 
for some linear map h{x,y) = {x,y — l{x)) with 

\grad l\ < y/Exc{T; R). (11) 
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Remark 10.2. Note that, if this Lemma holds with some one value of a, it will also hold with any 
smaller a. Also, recall from Theorem [3.1] that for any homology class of rectifiable sections there 
will be one such section which is the limit of penalty minimizers. 



Proof. If this is not the case, then we will be able to find a sequence Ri — > 0, ej ^ 0, along with 
functionals !Fi := J^ei,Ri as above and Ti ^ T (minimizers of .Fj), and excesses Ei := Exc{T^^] Ri,xo) 

for which Ei ^ and (by choosing each Ri sufficiently small) e]^'^^ /ei 0, and 

Xiuisvi^ Er^Exc{{hi)#{Ti)-mi) > (12) 

for all linear maps hi{x,y) = {x,y — /j(2;))with 

limsupE'j ^^^Igrad li\ < oo. 

i—*oo 

Such a sequence {Tj, J^i, Ri}, following [2], will be called an admissible sequence. 

As before, let D^- be the bad set over which Tj := is not necessarily a graph with bounded 
gradient, and let Di := (j)R. {D^.) n B{Xo, 1). Then, on B{Xq, 1)\-Dj, Tj := Te^^ij^will be the graph of 
a function Gi, agreeing on B{Xq, l)\Di with Fj, which is the BV carrier of Tj on B{Xo,R). We 
need to show: 



LEMMA 10.3. For all i sufficiently large 
1. 

'' MFJI < 1, 



/ 



,1) 

2. 

limllAll = 



3. 



JB{Xo,l/2)\<f>R^iD,)\-ft\ , ^ n 
1™ ,^\v/2n 1' ^^P< 7' 



\Fi\ dC" < 1 

B{Xo,l) 



Ei \ 2eiJ ' V 2e 

6. The limit 

lim^j := ^0 

i 

is the symbol of an elliptic PDF. 
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7. for every smooth ri{X) with compact support in \X\ < 1 we have 



lim 



Finally, if hi{x, y) = {x,y — li{x)) is a sequence of linear maps with 

\grad{li)\ 
iim ^= — < (T 



then 



i Ei 



Proof. Set, for each i in the sequence, 

||5(xo, R/2)\ (A n B{xo, R/2)) II X(xo,R/2)\(D,nB(xo,i?,/2)) ^"^^ ' 

For each i, translate the corresponding graph so that so that y{i) = 0. By Lemma(8.7), there is a 
constant r so that for all p, 1 < p < 

(iBi.o,R) m'dc-y/^ ^ jBi.o,R)\m\dc- ^ ^/^(,.,,^) \m\ 



and since we have by Lemma (8.2) that f^ixo R) ^ \fEiR^\ with p = Iwe conclude that 



/ l/il dC^ « v^i?"+S 

Jb(xo,R) 



3{xo,R) 

which since Fi{X) = fi{RX)/{^/EiR), as before yields that for all i sufficiently large, 

/ \\dF,\\ « 1, and /b(Xo,i) I^^I « 1' 

J B{Xo,l) 

which are statements (4) and (1), respectively. Lemma (8.8) and the definition of Fi immediately 
gives statement (3), and statement (2) follows from the bound ||-Dj:|| < ER'^, so that ||-Dj|| <C E^, 
and the choice of ii^j | 0. 

To show statement (5), use Lemma(8.10) to show that (with y = 0) and Lemma (8.8) 



^"^^^"^^ « (1 + T^) f + i^r- (-))+ I \hf dc- 1 i^^- 



Fi 2ei V ^ ) JB(xo,Ri/2)\D. 



2ei V VAt// Jb{xo1/2) I 

1 . / ^l/2n (^\\ , f lT7A2rrn 



« (1 + — + - + / |F,|^d£"/(^) 

2ei V KfJ'/J Jb{xo1/2) I 



2ei /i \ 2ej Jb{xo1/2) 
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Taking /i to minimize the right hand side above, 

which for i sufficiently large will be less than one, by (3) above, and the fact that Ei \ 0, gives 



Exc{Ti,R,/4) 1 1 i/2n 



Ei V 2ei\]' 2ei 7b(xo1/2) 

\ 2ei Jb{xo1/2) J 

easily giving (5). 

Statement (6) follows from Equation (5). Statement (7) follows from Lemma (9.2). 

Finally, statement (8) follows from Lemma (9.3). □ 

By statements (1) and (3) of this Lemma, invoking the closure and compactness theorems for BV 
functions [5], we can assume that there is an element F £ BV{B{Xq,1)) so that a subsequence 
(which by standard abuse of notation we do not re-label) Fi ^ F strongly in L^{B{Xq,1)) and 
DFj DF as distributions. We then have 



/ T.^Jk(^,DkF)dC^ = 0, 
Jb{Xo,i)^ \dXj I 



for all smooth rj with compact support in \X\ < 1. Thus, F will be ^-harmonic, and thus is a real- 
analytic function. It then follows from the Di Giorgi-Moser-Morrey estimates for diagonal elliptic 
systems [12] that 

sup |F| < / \F\ = lim / \Fi\ < 1, 

B(Xo,l/2) Jb[Xo,1) « JB[Xo,1) 

SO we can shift the graph so that F{Xo) = 0. Our previous shift was chosen so that, for each i, 
y{i) = 0, where 



^^'^ ■ \\Bixo,Ri/2)\ (A. n B{xo,Ri/2))\\ JB{xo,R./2)\{D,^nB{xo,Rj2)) ^'"^^ ■ 

The bounds on the norms of F and the BV-norm of DF are not worsened by this assumption 
except for possible change of constants, which are implicit in the notation. In addition, the bound 
of statement (3) in Lemma(10.3) continues to hold as well, since the bound y{i) = becomes 



Fici£" = 0, 

B(Xo,l/2)W{D,) 



from which follows the fact that 



\FifdC"'< / iFi + CfdC" 

B{Xo,l/2)\4>R^ (D,) Jb{Xo,1/2)\<Pr^ (D,) 



for any constant vector C . 
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LEMMA 10.4. Let {Ti, !Fi, Ri} be admissible. Under a suitable translation (or change of coordi- 
nates), F[0) = 0, -Fj — > -F strongly in L} , F is a solution to the equation 



as well as 



and 



[ \F\ dO" + / \gradF\ dC < 1, 
Jb(Xo,i) Jb[Xo,i) 

sup {\F\,\gradF\) <^1, 

B(Xo,l/2) 



Ei 



under the assumption that lirrij E^'^'^ j^i = 0. 



Proof. 



I 

Jb{Xo, 

because Fi ^ F strongly in L^, and 



|F| dC^ = lim / \Fi\ dC 

1) » Jb{Xq,i) 



|L>F|| < lim / \\DFi\\dC 
* Jb{Xo,i) 

by lower semi-continuity with respect to BV-convergence. In order to complete the proof of the 
Lemma, we need only show that 

lim / \Fi\^dC = I 

» JB{XQ,l/2)\<t>R.{D,) Jb{Xo,1/2) 
But, if $j is the characteristic function of B{Xo, l)\cj)R-{Di), then 



lim 

i 



iFrdC' 



B(Xo,l/2)\<PnAD,) 



I 

Jb{Xo,1/2) 



iFl^dC^ 



= lim 

i 

= lim 

i 

= lim 

i 

< lim 

i 

< lim 



/ '^i\Fif 

Jb(Xo,1/2) 










[ (\F^ 
Jb{Xo,1/2) ^ 




dO" 




Jb{Xo,1/2) 




+ |F|) + ($,- 


- 1) \F\^dC 


f \Fi - 

Jb{Xo,1/2) 


-F\m\ + 


F.\) + i'^^-l: 


\F\' 


dC 


Jb{Xo,1/2) 


^\F\)\F,- 


F\dC 







+ / {l-^i)\F\'dC'. 

/b{Xo,1/2) 
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Since F is uniformly bounded in B{Xo, 1/2) and Fi ^ F strongly in L^, a subsequence will converge 
almost-everywhere pointwise, and linij /g^j^^ ^^(1 — (^i)dC'^ = 0, the last integral above goes to 0, 
and 



lim 



B{XoM2) 



< 2 lim 



* JB{Xo,1/2) 



< lim 




\F-F\dC 



<l>i\F\^P-^\F-F\dC 



« \JB(Xo,l/2) 



IK - F\ dC 



2p-l 



B{Xo,l/2) 



1 

2p-l 



The last step is Holder's inequality for the measure ^ = \Fi — F\dC^ . If 1 < p < then the first 
of these last two integrals is uniformly bounded by statement (3) of Lemma (10.3) by a power of Ei 
(Note that £"1 — > as z — > oo.), and the height bound on Fi and F coming from the compactness of 
the fiber of the bundle. The second integral goes to in the limit by the strong convergence of Fj 
to F in □ 



We can now complete the proof of Proposition (10.1). Let L = L{X) denote the linear forms 
and let hi be the maps 

hi{x,y) = {x,y- ^/E'iL{x)^ , 

and 

f, := {h)#{T,). 

Set Ei := Exc{Ti, Ri). Since \gradL\ = \DF\ <^ 1, we apply statement (8) of Lemma (10.3), which 
shows that _ 

lim^ < 1. 

I Ei 



Case 1. liniiEi/Ei = 0. This contradicts 

limsvipEr^Exc{{hi)#iT,);(3R,) > 

i— >oo 

which is a basic assumption on the sequence Tj, since this case implies that \\m.i Exc{Ti, (3Ri) / Ei < 
lim, Ei/{l3^Ei) = 0. 

Case 2. limiEi/Ei > 0. Then, the currents minimize Ti, so that {Ti,J^i,Ri} will still be 
admissible, so that 

F]^F, 

where 

F}{X) := \J%'^E, {Fi - L) (X)., F{X) := lim ^E~^E, {F - L) {X). 
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Since F satisfies the conditions of Lemma (10.4), in particular 

limWi~^Exc{fi,Ri/A) =0 

i 

and in addition we have _ 

DF{0) = 0, 

and the inequality (12) in the beginning of the proof Proposition (10.1), becomes 

i 

Define s as the integer so that 

^ < 4^/3 < 1 

(assume that /3 < 1/4, so that s > 1), and for o" = 0, 1, 2, . . . , s we consider 

■.= Exc{fiA''mi)- 

It is clear by the fact that Umj -^^ <C 1 that 



that is, for some constant C, 



If, for some a we have 



e}"^ < {rpr^'Ei « {4^(3)-^Ei, 



limK-^s/"^ = 0, 



then we have 

\im E:r^Exc{Ti,(3Ri) = 0, 

i 

contradicting our assumption above. So, we can assume that 

lim E-^Ei^"^ > 0. 

i 

We also have 

lim E-^E^"'^ « (4^^/?)-" < +00, 

i 

for cr = 0, 1, s. Now, these inequalities and the fact that {Ti,J^i,Ri} is admissible implies that 
also ^ 

{TiLcixo,rpRi),:F, o h^\rpRi} 

will be admissible. Thus, by the conclusions of Lemma (10.4), 



or, given any a > 0, for i sufficiently large. 
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Iterating this inequality, 

Exc{fi,PRi) := Ei^^^ < oEi^^^ < ■ ■ ■ < a^E^^ < Ca'' {A"" P^Ei. 

Choosing a sufficiently small will then guarantee that, for i sufficiently large 

Exc{fi,l3Ri) 2 
E, < ' 

contradicting the assumption, and completing the proof of Proposition (10.1). 

□ 

There is a small extension of this Proposition that will be needed for its application: 

COROLLARY 10.5. Given T, as in Proposition (10.1), then the conclusion of the Propo- 

sition will still hold, for some a > 0, for the current H^{T), where H{x,y) = {x,y + L{x)) is a 
fixed linear map. That is, if 

R + Exc{H#{T),R) <a, (13) 

then 

Exc{h#{H#{T)),f3R) < c(3'^ExciH#{T),R) (14) 
for some linear map h{x,y) = {x,y — l{x)) with 



\gradl\ <a^^^Exc{H#{T),R). (15) 

Proof. This corollary will follow from Proposition (10.1) once it is shown that, under these conditions, 
Igrad l\ is bounded as indicated in (15). However, under the assumptions on R and the excess of 
H#{T), if / is the BV-carrier of T, so that (/ + L) is the BV-carrier of H#{T), 



[ \\Dif + L)\\dC^> /|||i^/||-||gradL|||d£" 

JB{0,R) J 

> f llgrad L||(i£" - / \\Df\\d£'' 
Jb(o.R) J 



so, by Lemma (8.2) 

llgrad L||i?" < / \\Df\\dC''+ [ \\D{f + L)\\ dC" 
Jb{o,r) Jb{o,r) 

< VeR'' + \\H#{T)\\ 

< /Ei?" + (a + l)i?". 

Thus, by Proposition (10.1), which implies that there is a linear map h for which Exc{h^{T), (3R) < 
cfPExc{T, R), so that, when k is given hy k := I — L, k satisfies the excess conditions (13) and (14) 
of this Corollary and 

llgrad k\\ < ||grad /|| + ||grad L|| , 
which, for a > sufficiently small satisfies the gradient bound condition (15). □ 



The primary use of Proposition (10.1) and its corollary is in the following Lemma. Let Exc{T, a, r) 
be the excess of T over B{a,r). 



LEMMA 10.6. There is a positive constant Eq with the following property. IfT is as in Proposition 
(10.1) and 

R + Exc{T,0,R) < Eq, 

then, for all a, r with \a\ < R/2, r < R/2 there is a linear map h{x,y) = {x,y — l{x)) so that 

r\2 



Exc{h#{T),a,r) <C [-] Exc{T,0,R). 



Moreover, \grad{l)\ < I/Eq. 
Proof. Since 



Exc{T,a,R/2) < 2''Exc{T,0, R), 



by replacing Eohy Eq/2'^ we see that it is sufficient to prove the Lemma in the special case a = 0. 
To do so, we apply Proposition (10.1) and Corollary (10.5) several times. Each time, we may need 
to use a smaller a, but since our iteration is finite there will be a sufficiently small a to work for all 
steps simultaneously. We get linear maps hi, /12, . . . , /is, hi{x,y) = {x,y — li{x)) so that 

Exc{{h^)#{T),0,(3'R) < cP^Exc{{hi_i)#{T),0,p'-'R) 

for i = 1, . . . , s, and 



\grad{k - < a^' ^ Exc{{hi.i)#{T),0, P'^-^R), 

with Iq = 0, and a satisfying the conditions of Proposition (10.1) or Corollary (10.5) for {hi)^{T). 
Iterating the first inequality s times, 

Exc{{hs)#{T),0,p'R) < c/3^Exc{{hs-i)#{T),0,(3''-^R) 

< cVi^xc((/i,_2)#(T),0,r"'^) 

< c'p'^'Exc{T,0,R). 

So, choosing s so that j3^~^^R < r < (3^R, and h = hs we have the second claim of the Lemma. The 
second inequality from Proposition (10.1) or its corollary becomes 



so 



\grad{li - k-i)] < a^^c^'^^^^^ l3'~\/ Exc{T, 0, R), 



\grad{ls)\ < 

j2\grad{k-k^i)\ < ^Q^ic(^"i)/2/3*"yfec(T,0,ii), 
1=1 1=1 



which, assuming at no loss in generality that cf3v E < 1/2, is less than 2/a. Choosing Eq = a/2 
completes the proof. □ 



PROPOSITION 10.7. With the hypotheses of Lemma (10.6), the BV- carrier function f{x) ofT is 
of class in B{0,R/2). 
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Proof. Recall that tL^i = -6(0, R)\—fi. If h{x, y) = (x, y—l{x)), with. I linear, then the corresponding 
function for h^{T) is of course / — /. Apply Lemma (8.2) to the current /i^(T)|_C(a, r), implying 
from Lemma (10.6) that 

/ \Df -lldC" ^r"VC (^)Ve, 

JB{a,r) \RJ 

for all a G B{0,R/2) and all r < R/2, for / = /r,a = D{lr^a), where, from Lemma (10.6), note that 
the linear map I of that lemma, here denoted /r,a, depends on the center a and radius r of the ball. 
We need to show that the limit 

la = lim lr,a 

exists for all a G B{0,R/2). Since 

/ lr,a-lr/2,adC" < [ D f - l,/,^, dC^ + [ \Df-lr,a\dC^ 

JBla.T/2) JB(a.r/2) J B(a,r) 



J(a,r/2) 



so, by the fact that the first integrand above is constant, 

^r,a ^r/2,a 

Iterating that inequality and adding, 



j=0 



SO, by the triangle inequality, |Zr/2",a} is Cauchy in Hom(M", M-'). Set la := lim.l^/2",a, then 



Ir.a la 



<^ r/R, and so 



la ■ — \lTnlr a — la 
r— >0 



exists. 

By a similar argument to the above, for a,b £ -6(0, R/2), with |a — &| < r/2, 

\lr,a - lr,b\ < r/R, 

and so 

\la-lb\^r/R 

if \a — b\ < r/2, and so a ^ la is continuous in B{0,R/2). 

From this it follows that r"*^ /g^^^ ^.^ \Df\ dC^ is uniformly bounded for a G i?(0, R/2), r < R/2, and 
so the measure \Df\ dC^ is absolutely continuous, so that we can write 

DfdC' = cjydC'' 

for some (f) G L^{B{{),R/2)). Since G , almost every point in B{0,R/2) is a Lebesgue point, 
and 



lim r " 

'■^0 JB(a,r) 



But we already have that 



lim r " 

''-*0 jB{a,r) 



(x) -(/.(a)|d£" = 0. 



(x)-^,|d£" = 0, 
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so that (^(a) = la almost-everywhere in B{0,R/2), so Df = cpdC^ with now (j) continuous on 
B{0, R/2), and so / G ^^(^(O, R/2)). □ 

Similarly to the discussion in [2, p. 129, lines 12-24], we have: 

Let z G SuppiT) be a point with an approximate tangent plane Tan{Supp(T), z). By the rec- 
tifiability theorem for currents and our lower bound on density Proposition (4.1), we have that 
Tan^dlTll ,z) = Tan{Supp{T), z), and is an n-dimensional vector space. If the oriented tangent 
plane Tz is not vertical, that is, tt^:Tz = e, then there is a linear map H{x, y) := (x, y—L{x)) for which 
H^{T)jji^z) = ^0- By Corollary (10.5), Lemma (10.6) and so Proposition (10.7) will apply to H^{T) 
as well. By the monotonicity result, the density <d{T,z) = 1 at each point. As a final assumption, 
assume that the tangent cone Tan{Supp{T), z) C V, where V C M""^-' is an n-dimensional plane. 
Since Tan{Supp{T), Z) D Supp{Tz), the plane V = Supp{Tz) is not vertical. Apply a shear-type 
linear map H{x,y) := lx,y + L{x)) so that H{Tan{Supp{T), Z) = R" x {0} C M"+^'. Presume that 
coordinates are chosen so that z = (0,0). 

PROPOSITION 10.8. Under the conditions of Lemma (10.7), Supp{T) is a , n-dimensional 
graph over some ball B{0,r). 

Proof. It of course suffices to show that Supp{H^{T)) is a graph over B{0,r). Since the tangent 
plane of H^{T) over is the horizontal plane in the coordinate system of the last line of the previous 
paragraph, given ?? > 0, there is an r = > so that 

Supp{H#{T)LC{Q,r)) C {|x| < r, \y\ < rjr} = B{0,r) x B{0,r]r), if r < r^, 

and 

Supp{d{H#{T)LB{0,r) x B{0,r]r))) C dB{0,r) x B{0,r]r). 

Once we show that 

linifec(F#(r),0,r) =0, 

then we can apply Lemma (10.6) and Proposition (10.7) to complete the proof of the present 
Proposition. 

Let T be energy-minimizing among rectifiable sections, Tq the current B(0,r) x {0} C B{0,r) x 
B{0, rjr), and be the "fence" obtained by connecting each element of (x, y) S Supp{dH^{T)\—B{0, r) x 
B{0,r]r)) to (x,0) G Supp{dTo). Note that Tq and H#{T)LB{0,r) x B{0,r]r) - F,. have the same 
boundary, BTq. It is easy to see ([5, p. 363], or [2, p. 128]) that, 

\\Fr\\ < (sup|y| ) dH#{T)LB{0,r) x 5(0, r/r) 

and, by slicing and the monotonicity formula, for a generic p, r < p < 2r [r < R/2), there is a C 
so that dH^{T)\—B{0,p) x B{0,rjp) < Cp^~^. Combining these two inequalities together, 

\\Fp\\ < Crip^. 

Since each penalty functional satisfies the ellipticity bounds (equation (1)), 

H#iT)LB{0, p) X 5(0, w) -Fp - \\To\\] < ^e(i^#(T)l_i?(0, p) x B{0, r?p) - Fp) - T,{To), 
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then so will the limiting functional T . Then, by subadditivity, and minimality of T, 



i/#(r)Li?(0,p)xi?(0,r?p)-F, 



iTn 



< ^(F#(T)Lb(0,p) X i3(0,r/p) -Fp) -^(To) 

< war \t{T\_R~\B{^,p) X i?(0,w))) 

< 2\\HmH^\F,)) 



and so 



Exc{H#{T),r) = H#{T)LB{0,r) X B{0,r]r) 

H#(T)\_B{0,p)x B{0,7]p) 



< 2 

< 2 

< 2"3Cr/ 



ITn 



TLBiO,p)xB{0,rip)-F, 



P 

\\To\ 



Since, for any rj > there is an r > sufficiently small so that the conditions of Proposition (10.7) 
hold, the conclusion of the Proposition holds. □ 

This proposition shows that the set of "good" points in the base manifold M, the set of points where 
there is a non- vertical tangent space, is an open set, and on that open set the graph is of class C^. 
The next result completes the proof of the main theorem. Theorem (0.1). 



PROPOSITION 10.9. Let T be an n-dimensional, mass-minimizing rectifiable section in T{B) 
which is the limit of a sequence of penalty-minimizers. Then, the projection tt{S) = Z onto e 
of the set S of all points y G Supp{T) so that the oriented tangent cone is not a plane, or where 
T{T,y) has a vertical direction a closed set of Hausdorjf n-dimensional measure in M. 

Proof. The previous section shows that the set of points with non- vertical tangent planes is open 
in T, and projects to an open set. So, the set of points with no tangent plane, or with one having 
vertical directions, is closed. The set of points with no tangent plane is of measure in any countably- 
rectifiable integer-multiplicity current, by [5, 3.2.19]. Assume there is a set 5o C S of points of T 
with Zq := 7r(5o) of positive Hausdorff n-dimensional measure, and with vertical tangent planes. 
For all but a set of Hausdorff n-dimensional measure in 5o, the density of the set will be 1 as well 
[5, 3.2.19]. For any such z G Sq, given any e > 0, there is a 6z,e > so that the ratio of the measure 
of of the projection onto M of 5*0 n B{z, 6z,e) to that of the ball of radius (5^^eCentered at ■k{z) in M 
will be less than e, 

^ ^ n^{7T{SonBB{z,6z,,))) ^ TTi^So n Bb{z, 5,,,))) 



W"(SA/(7r(z),4,.)) 



since the tangent plane is vertical. But the measure 7i^{SoriBB{z, Sz,e)) > '^n^"e/2 for small enough 
6z,e since the density is one, so by the Besicovitch covering theorem 

W"(5o) > -n^'iZo). 

Since this must be true for any e > 0, it would contradict the fact that T has finite mass if 

rc^iZo) > 0. □ 
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